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Local fields

Let K be a field which is complete with respect to a discrete valuation
vk 1 K = Z U {o0}.

Assume that the residue field K of K is a perfect field of characteristic p.
Also let

Ok ={a € K:vk(a) >0}
= ring of integers of K
mk = uniformizer for Ok (i.e., vk(mk) = 1)
My = 1Ok
= unique maximal ideal of Ok
Let L/K be a separable totally ramified extension of degree p".

Extend vp : L = Z U {oc} to v, : P — Q.



Hopf-Galois extensions

H = Hopf algebra over K
L/K = finite separable H-Galois extension
E/K = Galois closure of L/K

G = Gal(E/K)
G' = Gal(E/L)
X=G/G

XE = Map(X, E)

Extending the base field from K to E gives an E-algebra isomorphism
E®x L= XE.

Since L/K is an H-Galois extension there is a regular subgroup
N < Perm(X) and an isomorphism of E-Hopf algebras E @ H = EN.

Identify L with K ®x L C E ®k L.
Identify H with K @ H C E ®x H.



The trace element

Set=> neEN=EkH.
nenN

Since G normalizes N we get
0 c (EN)® = (E @k H)® = K ®k H.

For n € N we have nf = 0 = 6. Hence hd = 0h = e(0)h for all he H. It
follows that 6 is both a left integral and a right integral for H.

Let A € L. Since N acts simply transitively on the set G/G’ of
K-embeddings of L into E we get

0(N) = > n(16")(N) = Triyk(N).

nenN



Themap ¢ : L®x L — Lok H
Write A(6) = >-01) ® 0(2) and define

¢ Lkl — L H
p(a®b) = Z 39(1)(1)) ® 9(2).

Proposition

¢ is an isomorphism of K-vector spaces.

Let

Ag : EN — EN @ EN
¢e : XE ¢ XE — XE ®¢ EN

be the maps induced by idg ® A and idg ® ¢. Then for n € N we have
Ag(n) =n®mn. Hence for a,b € XE we get ¢pe(a® b) =3, cy an(b) @1n.



A partial order on (Z x Z)/A
Let A be the subgroup of Z x Z generated by the element (p"”, —p").
For (a, b) € Z x Z write [a, b] for the coset (a, b) + A.

Define a partial order on (Z x Z)/A by [a, b] < [c, d] if and only if there is
(c’,d") € [c,d] such that a < ¢’ and b < d".

We use the following set of coset representatives for (Z x Z)/A:
F={(a,b) eZxXZ:0<b<p"}

Let 7 be the set of Teichmiiller representatives of K, and let § € L ®x L.
Then there are unique djj € T such that

B= > dyri@m.

(ij)eF

Set

R(B) = {li,jl: (i.j) € F, dj # O}.



Diagrams

Definition

Define the diagram of § € L ®x L to be

D(B) ={[a,b] € (Z xZ)/A: [i,j] < [a, b] for some [i,j] € R(B)}.

Proposition ([Bon2], Remark 2.4.3)

D(B) does not depend on the choice of uniformizer m; for L.

For 8 € L ®k L with 8 # 0 define
d(8) = min{i+j: [i,j] € D(B)}.
Define the diagonal of 3 to be

N(B) =A{li.jl € D(B) - i +j = d(B)}.



H-stable and H-semistable extensions

Let G(f3) denote the set of minimal elements of D(/3) with respect to the
partial order <. Then N(5) C G(p).

Definition
Let L/K be a totally ramified H-Galois extension of degree p".

© Say that L/K is an H-semistable extension if there is § € L@k L
such that ¢(8) € H, ptd(p), and |[N(5)| = 2.

@ Say that L/K is an H-stable extension if L/K is H-semistable and we
may choose 3 so that G(83) = N(5).




A function
Let §; /i denote the different of L/K and set iy = v (0, /) — p" + 1.
For { € H~\ {0} define f¢ : Z — Z by

fe(a) = min{v.(£(y)) : y € M{}.

Then fz(a+ 1) > fc(a). Furthermore, for every a € Z there is z € L with
vi(z) = a and v (§(2)) = fe(a).

Recall that 6 € H is the trace element. We get

fo(a) = p" FJF iﬂ :

p"
It follows that fy(—ip) = 0 and fy(—io + 1) = p". Hence if p € L with
vi(p) = —ip then v (0(p)) = 0.



A fundamental theorem

Theorem

Let £ € H~ {0}, let B € L®k L satisfy & = ¢(3), and let a, b € Z. Then
the following are equivalent:

Q [a,b] € D(p).
Q fs(—b — i()) < a.

Corollary

Let B € L®k L be such that £ := ¢(5) € H. Then for all y € L™ we have
vi(&(y)) = vi(y) + d(B) + io, with equality if and only if vi(y) = —b — i
(mod p") for some [a, b] € N(53).




Proof of the fundamental theorem

Write _ '
8= Z d,'j?T’L & 77JL
(ij)eF
Then for A € L we have

$(B)N) = D dymio(r]N).

(ij)eF

Suppose [a, b] € D(/3). Then there is [a', b'] € G(S3) such that

[a/,b'] < [a, b]. We may assume that (a’,b') € F, &’ < a, and b’ < b.
Then dyp # 0 and djj = 0 for all (i,)) € F such that (i, /) # (a’, b’) and
(i) < 12, 5]



Proof of the fundamental theorem . ..
Let y € L satisfy v (y) = —b' — iy. Then vy (77 0(xP'y)) = &'

Suppose (i,j) € F, (i,j) # (a',b"), and djj # 0. Then

o b
w(wio(ely)) = i+ o0 [,

We have either i > &’ or j > b'. If i > & then v, (7]0(m]y)) >i>a. If
j > b’ then since i > &’ — p" we get v, (7]0(m]y)) > i+p" > 4.

It follows that v;(&(y)) = &'. Since y € Mzb_io we get
fe(—b—i) < a <a.

Suppose [a, b] & D(3). Let (i,j) € F satisfy djj # 0. Then [i, ] £ [a, b],
and hence [a+ 1,b— p" + 1] < [/, j]. By choosing an appropriate
representative for [a, b] we may assume that a4+ 1 <iand b—p"+1 <.
Let y € L with vi(y) > —b —ip. Then v, (6(w/y)) >0, so

vi(mj0(m/y)) > i > a. Hence fe(—b — i) > a.



Numerical properties of H-semistable extensions

Theorem

Let L/K be an H-semistable extension and let § € L @ L be the
corresponding tensor. Then there is h € Z with h = iy (mod p") such that

N(ﬁ) = {[0’ h]v [h70]}'

Hence by replacing 5 with a K-multiple we may assume that

N(B) = {10, io], [io, O] }-

Since we are not assuming that L/K is Galois, the lower ramification
breaks ¢; of L/K need not be integers. We do, however, have ¢; € Z(p).

Theorem

Let L/K be an H-semistable extension of degree p". Let
0y < Uy <...< U, be the lower ramification breaks of L/ K, counted with
multiplicity. Then {; = —iy (mod p"Z)) for 1 <i < n.




Some steps in the right direction

Lemma

There exists v in the center of H and h € N such that h= —iy (mod p),
and for all A € L* we have

vi(v(A)) = vi(A) + hif ptve(N)
vi(v(A)) > vi(A) + hif p [ vi(N).

v

Note that if H = K[G] then we can take v = o — 1 for any o € Z(G) such
that o # 1.

Proposition

Set ¢ = d(pB) and write N(B) = {[a1, ¢ — a1], [a2, ¢ — a»]}. Assume that
pfc—ai. Then aa =a; — h (mod p").




N(B) = {la1,c — a1], [a2,c — @]} = @ = a1 — h (mod p")

Set £ = ¢(B). It follows from the corollary that for all A € L* we have
ve(€(N)) > vi(A) + ¢ + i, with equality if and only if either
vi(\) = —c+ a1 —ip (mod p") or vi(A\) = —c+ a2 — ip (mod p").

Let y € L satisfy vy (y) = —io—h—c+a1. Then vy (y)=—c+ a1
(mod p), so ptvi(y). Therefore v, (v(y)) = —ip — ¢ + a1, so we get
vi(§(v(y))) = ar.

Since {ov = v o& we get vy (v(§(y))) = a1, and hence v, ({(y)) < a1 — h.
We also have
vi(€(y)) = vi(y) + c+ip=a1— h.

Hence vi(£(y)) = a1 — h for all y € L such that v, (y) = —ip — h— c + a1.

It follows by the Fundamental Theorem that [a; — h,c — a; + h] € N(p).
Therefore
[a1 — h,c — a1 + h] = [a2, ¢ — &].

We conclude that a; — h = a» (mod p").



¢ and the switch map

Lemma
Let € LRk L and lets: LRk L — L ®k L be the switch map. If
&(B) € H then ¢(s(B)) € H.

Proof: Let a € (E ®x L) ®¢ (E @k L). It suffices to show that if ¢pg(a)
lies in

(E @k K) ®e (E®k H) = E[N] C (E ®k L)[N]
then so does ¢g(se(a)). Write v = Y"1 a; ® b; with aj, b € E ®k L.

Then
= Z Z ain(bi)n = Z 1/177(04)77

i=1neN nenN
with ¥ (a) = 371 ain(bi) € E. Hence

n(se(a)) = an —n(}_r:aml(bi)> = n(Py-1(a)) = Py-1(a).

It follows that ¢n(sE(a)) € E. Therefore ¢pe(se(a)) € E[N].



Some isomorphisms of 2(g-modules

For £ € H . {0} define
0 (§) = min{ve(§(N)) —ve(A) - A e L7}
For h € Z define
Ap ={£ € H: V(&) > h}.
Let f € Ay and g € Ay. Then fog € Apik. It follows that Ap is a
Ok-algebra, and that %A, is a left and right 2p-module for all h € Z.

Theorem

Let L/K be an H-semistable extension and let h € Z. Then for every
p € L such that vi(p) = —ig we have Ay, - p = MY. Hence there is an
isomorphism of 2g-modules Ap;, = MZ

Corollary

Let L/K be an H-semistable extension. Then M " is free over its
associated H-order A(M ).




A basis for H

Proposition
Let a, B € L@k L be such that ¢p(a) € H and ¢(5) € H. Then
¢(ap) € H.

Corollary
Let p € L®k L satisfy () € H. Then for all s € Spn we have ¢(5°) € H.

Let L/K be an H-semistable extension. Then there is § € L ®x L such
that ¢(3) € H and N(3) = {0, io], [io, 0]}. It follows that for s € Spn we
have d(3°) = sip and N(5°) = {[jio, (s —j)io] : j < s}.

Set £* = ¢(B°). Then * € H. For y € L™ we get
vi(€*(y)) > vi(y) + (s + 1)ip, with equality if and only if
vi(y) = —( + 1)io (mod p™") for some j such that j <'s.

The set {£*° 15 € Spn} is a K-basis for H.



Hopf-Galois module structures

For g,h € Z and s € Spn define
gio — h
clg.h) = | &2

w(s, h) = min{c(s —j,h) —c(—j—1,h) : j < s}.

Theorem (cf. [BCE, Theorem 3.1])

Let L/K be an H-stable extension of degree p", let h € Z, and let
B € Lok L satisfy ¢(8) € K @k H and G(5) = {[0, io], [io,0]}. Then
© An Ok-basis for the associated order A(MY) of M? is given by

S = {mg"Mg(6%) 0 < s < p".

Q@ Ifw(s,h) = c(s,h) — c(—1,h) for all s € Syn then M? is free over
A(M]).

Q If M is free over A(MF) and A(M?P) is a local ring then
w(s, h) = c(s,h) — c(—1,h) for all s € Spn.




Scaffolds and H-semistable extensions

Theorem

Let L/K be a semistable extension of degree p". Then L/K has an
H-scaffold with precision 1.

Let h € Spn satisfy h =iy (mod p"”) and set
my/x = max{h—1,p" —h—1}.

Theorem

Let L/K be a totally ramified H-Galois extension of degree p".
Q IfL/K has an H-scaffold of precision ¢ > 1 then L/K is H-semistable
Q IfL/K has an H-scaffold of precision ¢ > my i then L/K is H-stable




An application

Let L/K be an H-Galois extension with lower ramification breaks
b <y <. <Ay

Suppose L/K has an H-scaffold ({W;},{y:}). Then L/K is H-semistable,
so there is € L ®k L such that ¢(8) € H and N(5) = {[0, io], [io, 0]}

Hence there is an H-scaffold ({W/}, {y;}) for L/K such that

W, = (8P P ~1) for 1 < i < n. Let b} be the shift associated to W,
We get

p" b = (p" = " i
b, = (p' = 1)io
bl = —ig (mod p)
b: = €,- (mod piZ(p)).



Extensions of degree p (Hopf-Galois structures)
L/K = separable totally ramified extension of degree p.
E/K = Galois closure of L/K, G = Gal(E/K), G' = Gal(E/L).

Let G; be the wild ramification subgroup of G. Then G; < G, so

N := \(Gy) is normalized by A(G). Since |N| = |G| =p and p1 |G|, N
acts simply transitively on G/G’ by left multiplication. Hence there is a
Hopf-Galois structure on L/K associated to N.

Suppose N’ is another regular subgroup of Perm(G/G’) which is
normalized by A(G). Then A(G) is contained in the holomorph Hol(N') of
N’. Since |N'| = |G/G’| = p is prime, the only subgroup of order p of
Hol(N') is N'. Since N < A\(G) < Hol(N') and |N| = p we get N = N.

Conclude that L/K has a unique Hopf-Galois structure.



Extensions of degree p (constructing a scaffold)
(This is done in [Degp].)
Assume that iy < v.(p).

Let o be a generator for G; = C, and let -y be a generator for G' = Cy.
Then yoy~! = ¢" for some r € Z such that r + pZ has order d in
(Z/pZ)*. Hence there is a primitive dth root of unity (4 € K such that

r = (g (mod Mk).

Let M = E®. Then Gal(E/L) = Gal(M/K), so there is & € Oy such that
y(a)/a =gt Set

d—1 ,
W]_ = - Z C‘;Inr’.
i=0



Extensions of degree p (constructing a scaffold .. .)
We get Ui(1) =0and - Wy =~ -V = W;. Hence V; € (EN)® = H.
Let / denote the augmentation ideal of OgN. We find that

V; =da(n—1) (mod al?).

Let ¢ denote the ramification break of L/K and let y € L*. It follows from
the congruence above that

vi(V1i(y)) = vi(a(n(y) —y))
> vi(a)+ vi(y) + ¢,

with equality if and only if p{ v/ (y). Set b= v;(a)+ £. Then
b= v (Vi(7L)) =1 €Z. Since « € M we get b=/ (mod pZ,)).



Extensions of degree p (constructing a scaffold. .. ... )

Let p € L satisfy vi(p) = b, and for t € Z let ¢; € S, be such that
bc: =t — b (mod p). Set

f, = (t — b— bct)/p. Ae = TV (p).

Then v (A\t) =t and )\tlz\t_21 € K when t; = to (mod p). Furthermore,
V1(At) = A¢gp for all t € Z such that p 1 t.

We also have Wf/aP € (pOgN) N | = pl, so we get
v (W1(Apb)) = v (W1(¥] ()

> vi(p) + pve(a) + vi(p) + ¢
— pb+ b+ (vi(p) - (p— 1)0).

~ O

Setting
c=vi(p)—(p—1)=vi(p)—ip>0

we get vy (W1(Aps)) > ps+ b+« for all s € pZ. Hence ({W1}, {A¢}tez) is
an H-scaffold for L/K with precision c.



Extensions of degree p (semistable and stable)
Set ¢ = WP™2 Then for t € Z we have
E(At) = At (p—2)b ift=>b (mod p),
E(Ae) = Aty (p—2)b ift=2b (mod p),
vi(€(A\t)) > t+(p—2)b+c otherwise.

Let € L ®k L be such that ¢(8) = &. Then d(8) = (p —2)b — i, and

for all [x,y] € G(B) ~ N(B) we have x +y > d() + ¢. Hence L/K is
H-semistable with precision c.

It follows that if ¢ > my /i then L/K is H-stable.



Some questions

@ What about those formal group laws?

@ Can these constructions be extended to inseparable extensions?



